Abstract. We study two equivalent characterizations of the strong Feller property for a Markov process and of the associated sub-Markovian semigroup. One is described in terms of locally uniform absolute continuity, whereas the other uses local Orliczultracontractivity. These criteria generalize many existing results on strong Feller continuity and seem to be more natural for Feller processes. By establishing the estimates of the first exit time from balls, we also investigate the continuity of harmonic functions for Feller processes which enjoy the strong Feller property.
Introduction
Let ({X t } t≥0 , P x ) be a Markov process on R d with transition probability function P t (x, dy). For any f ∈ B b (R d ), the set of bounded Borel measurable functions on R d , define T t f (x) = f (y)P t (x, dy), x ∈ R d .
Then, {T t } t≥0 is a sub-Markovian semigroup on B b (R d ), i.e. T t :
for the set of bounded continuous functions (resp. continuous functions vanishing at infinity). The semigroup {T t } t≥0 has the Feller property : if T t f ∈ C ∞ (R d ) for all f ∈ C ∞ (R d ) and all t ≥ 0.
A Feller semigroup is a sub-Markovian semigroup which has the Feller property and which is on C ∞ (R d ) strongly continuous: lim t→0 T t f − f ∞ = 0 for all f ∈ C ∞ (R d ). A Feller process is a Markov process where the associated semigroup is a Feller semigroup.
In this paper we investigate the strong Feller property of a sub-Markovian semigroup {T t } t≥0 . It is obvious that the strong Feller property implies the C b -Feller propertybut it does not necessarily entail the Feller property. Some criteria ensuring that a sub-Markovian semigroup has the C b -Feller property are known, see e.g. [22, Theorem 3.2] ; this condition is by no means sharp and as far as we know no sharp condition is currently known. Here, we will establish two equivalent criteria for the strong Feller property which take different forms: one is based on locally uniform absolute continuity, see Theorem 2.1; the other one is based on local Orlicz-ultracontractivity, see Theorem 2.8.
For Feller processes, the above conditions can be simply expressed by locally uniform absolute continuity and local Orlicz-ultracontractivity with respect to Lebesgue measure. For Lévy processes-these are the spatially homogeneous Feller processes-this is not only equivalent to Hawkes's well-known result [13] on the existence of transition densities, but also yields a new characterization for the strong Feller property of Lévy processes, see Corollary 3.2. Strong Feller continuity is an interesting property in its own right, and is also needed in many applications, e.g. for the equivalence of transition probabilities, for ergodic properties, etc. We will also point out the relationship between semigroups (resp. resolvents) enjoying the strong Feller property and the continuity of harmonic functions for general Feller processes.
General results: Sub-Markovian semigroups
Let {T t } t≥0 be a sub-Markovian semigroup on B b (R d ) which has the C b -Feller property. At this point we do not assume strong continuity of the semigroup. Recall that {T t } t≥0 is said to have the strong Feller property if T t :
for all t > 0. A general exposition of the strong Feller property can be found in [12] . Denote by P t (x, ·) the kernel representing T t , i.e. P t (x, A) := T t 1 A (x) for all t > 0, x ∈ R d and A ∈ B(R d ).
2.1.
Criterion I: Locally uniform absolute continuity.
Theorem 2.1. Let {T t } t≥0 be a sub-Markovian semigroup on B b (R d ). Then the following properties are equivalent:
(a) {T t } t≥0 has the strong Feller property; (b) {T t } t≥0 has the C b -Feller property and for every t > 0 there exists some positive Radon measure µ t on R d such that the family of measures (P t (x, dy)) x∈R d is locally uniformly absolutely continuous with respect to µ t , i.e. for any compact set K ⊂ R d it holds that (c) {T t } t≥0 has the C b -Feller property and for every t > 0 there exists a probability measure µ t on R d such that the family of measures (P t (x, dy)) x∈R d is locally uniformly absolutely continuous with respect to µ t . If, in addition, the semigroup {T t } t≥0 is such that for every f ∈ C ∞ c (R d ), T t f converges locally uniformly to f as t tends zero, then all statements above are also equivalent to (d) {T t } t≥0 has the C b -Feller property and there exists a probability measure µ on R d such that for every t > 0 the family of measures (P t (x, dy)) x∈R d is locally uniformly absolutely continuous with respect to µ.
Usually it is straightforward to check the C b -Feller property. For example, according to [22, Theorem 3.2;  (ii)⇒ (iii)], {T t } t≥0 has the C b -Feller property if and only if for each t ≥ 0,
. By Theorem 2.1 and its proof, we have the following natural way to prove the strong Feller property once we have the C b -Feller property.
Corollary 2.2. Let {T t } t≥0 be a sub-Markovian semigroup which has the C b -Feller property. If for every t > 0, the kernel P t (x, ·) representing T t has a density with respect to some positive Radon measure µ, i.e.
and if, moreover, the density function p t (x, y) is locally bounded on R d × R d , then {T t } t≥0 has the strong Feller property.
To prove Theorem 2.1, we first derive some properties of semigroups enjoying the strong Feller property which are also interesting for themselves. Proposition 2.3. Let {T t } t≥0 be a sub-Markovian semigroup with the strong Feller property. Then, for every t > 0, there exists a probability measure µ t such that
Proof. For every t > 0 denote by P t (x, ·) the kernel representing T t . Choose a continuous function w > 0 on R d such that w(x) dx = 1. For every t > 0 define
If N ∈ B(R d ) satisfies that µ t (N) = 0, then we have P t (x, N) = 0 for Lebesgue a.e. x. Since by the strong Feller property the function x → T t 1 N (x) = P t (x, N) is continuous, we find that P t (x, N) = 0 for all x ∈ R d . This means that P t (x, ·) is absolutely continuous with respect to µ t and has a Radon-Nikodým density p t (x, y). Now, for any
Then, µ t (N) = 0. Set u := u · 1 N c and note thatũ is bounded and Borel measurable. Naturally, we define
Clearly, It holds that
, due to the strong Feller property. To prove our second assertion, it is sufficient to show that the image of the unit ball
, compact. This entails that every sequence {u j } j∈N ⊂ U has a weak- * convergent subsequence {u j(k) } k∈N and, for a suitable u ∈ L ∞ (µ t ), the limit
exists. Therefore, the sequence
converges pointwise for every x ∈ R d . Moreover, for k, l, m ∈ N with k, l ≥ m,
Note that h m := sup k,l≥m T t u j(k) − T t u j(l) decreases to 0 as m → ∞, and so does the sequence (T t h m ) m∈N , thanks to the dominated convergence theorem. By the strong Feller property, the functions (T t h m ) m∈N are continuous, and Dini's theorem shows locally uniform convergence. This means that {T t u j(k) } k∈N is a Cauchy sequence in C(R d ) under locally uniform convergence, and so the limit T t u = lim k→∞ T t u j(k) defines a continuous function. The proof is complete.
, the following conclusion is an immediate consequence of Proposition 2.3.
According to [17 
The following example shows that this property is not fulfilled if we only assume the C b -Feller property of the semigroup.
Example 2.5. Consider the shift semigroup,
Obviously, {τ t } t≥0 enjoys the C b -Feller property but it does not have the strong Feller property. The functions
are clearly continuous and uniformly bounded. Using the L 2 (dx)-orthonormality of this family, we see
which means that {u j } j∈N does not converge in L 2 (dx) and cannot have any pointwise convergent subsequence.
Since the shifted sequence {u j (· − t)} j∈N inherits this property, we obtain that τ t ({u j } j∈N ) is not even weakly compact in C(R d ). (Under the locally compact topology on C(R d ), the weak convergence is just pointwise convergence.)
The next proposition is essentially taken from [5, Proposition 2.10]. For the sake of completeness, we include its proof. Proposition 2.6. Let {T t } t≥0 be a sub-Markovian semigroup with the strong Feller property and such that for every u ∈ C ∞ c (R d ), T t u converges locally uniformly to u as t tends zero. Then the map (s,
Proof. First we claim that for any compact set K ⊂ R d and every ε > 0 and g
Without loss of generality, we may assume that 0 ≤ g ≤ 1. Because of the continuity of
and using (2.2) once again, we find some 0 < δ < δ 1 such that for every 0 < s < δ,
, we have, on K,
Similarly, if t − δ < s ≤ t, then
Thus, T s u converges to T t u uniformly on K as s tends to t. According to (2.1), for fixed s > 0, T s u(y) converges to T s u(x) uniformly in x, y ∈ K and u ∞ ≤ 1 as y tends to x. The required assertion follows easily from the following fact that for any two u, v ∈ B b (R d ), s, t > 0 and x, y ∈ K,
Let {T t } t≥0 be a sub-Markovian semigroup with the C b -Feller property and such that T t u converges locally uniformly to u as t tends zero for every
, see e.g. [10, Section 2.2; Theorem 1]. Therefore, the argument above shows that, if {T t } t≥0 has the strong Feller property, then T t u converges locally uniformly to u as t tends zero for every u ∈ C b (R d ). Combining Propositions 2.3 and 2.6, we obtain Corollary 2.7. Let {T t } t≥0 be a sub-Markovian semigroup with the strong Feller property and such that for every u ∈ C ∞ c (R d ), T t u converges locally uniformly to u as t tends zero. Then there exists a probability measure µ such that for every t > 0,
If N ∈ B(R d ) satisfies µ(N) = 0, then we have P t (x, N) = 0 for Lebesgue a.e. x and t. Since by Proposition 2.6 the function (t, x) → P t (x, N) is continuous, we find that P t (x, N) = 0 for all t > 0 and x ∈ R d . This means that P t (x, ·) is absolutely continuous with respect to µ. Then, the desired assertion follows from the argument of Proposition 2.3.
We can now turn to the proof of Theorem 2.1.
By the monotone convergence theorem, sup k∈N T t χ k = T t 1. Since {T t } t≥0 has the C b -Feller property, T t χ k and T t 1 are continuous. Dini's theorem shows that this convergence is locally uniform. In particular, for every compact set L ⊂ R d and every ε > 0 there exists an index k 0 ∈ N such that for χ = χ k 0
.
The function uχ is also bounded and has compact support, thus
such that u j converges to uχ almost everywhere with respect to µ t . Without loss of generality we may assume that sup j∈N u j ∞ ≤ u ∞ + 1 and j∈N supp(u j ) ⊂ B k 1 +1 (0). That is, uχ and (u j ) j∈∈N can be temporarily seen as functions only defined on B k 1 +1 (0). Since µ t (B k 1 +1 (0)) < ∞, Egorov's theorem applies and for any δ > 0, there exists some Borel set N = N(δ) ⊂ B k 1 +1 (0) such that µ t (N) ≤ δ and {u j } j∈N converges to uχ uniformly on B k 1 +1 (0) \ N. Therefore, {u j } j∈N converges to uχ uniformly on N c , since {u j } j∈N and uχ are zero on
Letting j → ∞ and then δ → 0, the locally uniform absolute continuity of P t (x, ·) with respect to µ t yields that
The continuity of the function T t u easily follows from the arguments above. Indeed, for any x ∈ R d and ε, η > 0, take a compact set L such that B(x, η) ⊂ L. Choose χ as above and j 0 = j 0 (ε) so large that
On the other hand, since
Therefore, for every y ∈ B(x, η 0 ), we can use (2.4) to see
which proves (a).
(a) ⇒ (c) According to Proposition 2.3, for every t > 0, there exists a probability measure
d be a compact set and n ≥ 1. By the very definition of the supremum, for every n ∈ N there exists a set
n is continuous and since T t 1Ã n decreases to T t 1Ã = 0 as n → ∞, Dini's theorem applies and shows that
This proves (c).
(a) ⇒ (d) This follows form Corollary 2.7 and the proof of (a) ⇒ (c).
Proof of Corollary 2.2. The proof of (b) ⇒ (a) of Theorem 2.1 uses locally uniform absolute continuity of (P t (x, ·)) x∈R d only for (2.5). Note that the set N here is a bounded set and that we can assume that N ⊂ K for some compact set K ⊂ R d . Fix some compact set L and pick any x ∈ L. Under the conditions of Corollary 2.2 we get
This inequality and the argument of the step (b) ⇒ (a) in the proof of Theorem 2.1 prove the strong Feller property of {T t } t≥0 .
2.2.
Criterion II: Local Orlicz-ultracontractivity. Let us recall some facts about Orlicz space from [21] . A function Φ : R → [0, ∞] is a Young function if it is convex, even, and satisfies Φ(0) = 0 and lim x→∞ Φ(x) = ∞. Given a Young function and a Radon measure µ on R d , we define the Orlicz space as
and the Orlicz norm
where Φ c is the Legendre transform of Φ, i.e.
For any Young function Φ, we have
On the other hand, the following extension of Hölder's inequality holds
We can now characterize the strong Feller property in terms of local Orlicz-ultracontractivity.
Theorem 2.8. Let {T t } t≥0 be a sub-Markovian semigroup with the C b -Feller property. If for every t > 0, there exist a Radon measure µ t and some Young function Φ t : R → R + with Φ t (x) = 0 iff x = 0, such that for all compact sets
Conversely, let {T t } t≥0 be a sub-Markovian semigroup with the strong Feller property. Then, for every t > 0, there exist a probability measure µ t and a Young function
If, in addition, one of the following conditions applies, (2.6) holds for all compact sets
(1) {T t } t≥0 is weakly irreducible, i.e. for each t > 0 and every non-empty open set
, T t f converges locally uniformly to f as t tends zero.
Note that irreducibility usually means that for all t > 0, all open sets A ∈ B(R d ) and all x ∈ R d the transition probability P t (x, A) > 0. This is stronger than our notion of weak irreducibility from Theorem 2.8. Theorem 2.8 extends [14, Theorem 8.9] where the following condition has been used:
We begin with some properties of Orlicz spaces, which will are used in the proof of Theorem 2.8.
, then f n converges in measure (w.r.t. µ) to f . In particular, there exists a sequence {f n(j) } j∈N such that f n(j) converges to f almost surely w.r.t. µ;
Proof. Statements (1) and (2) 
Since f n is a bounded function with compact support, f n ∈ L Φ (µ). By the strong Fatou property of the function norm · (Φ) , see [21, Section 3.3; Page 57], we get that f n (Φ) ↑ f (Φ) as n → ∞.
On the other hand, for every n ≥ 1 there exists a sequence of functions {f n,k } k∈N ⊂ C ∞ c (R d ) such that f n,k converges almost surely to f n with respect to µ. Without loss of generality we may assume that ∞ k=1 supp(f n,k ) ⊂ [−(n + 1), n + 1] as well as sup k≥0 f n,k ∞ ≤ n + 1. Egorov's theorem tells us that for every δ > 0, there is a set N ⊂ [−(n + 1), n + 1] such that µ(N) < δ and f n,k converges to f n uniformly on N c .
Using again the fact that Φ is increasing, we find for all λ > 0
Letting first k → ∞ and then δ → 0, we get
This proves (3).
The following statement is an extension of the Minkowski inequality in Orlicz space.
Lemma 2.10. Let µ be a probability measure on R d , and f ∈ B b (R 2d ) with f ≥ 0. Then,
Proof. Since µ is a probability measure,
, so that both sides of the inequality (2.8) are well defined for all f ∈ B b (R 2d ). For any g > 0 with µ(Φ c (g)) ≤ 1,
which yields the required assertion by taking supremum with respect to g on the left hand side of the inequality above.
We can now prove Theorem 2.8.
Proof of Theorem 2.8. (1) Let
By the monotone convergence theorem, sup k∈N T t χ k = T t 1. Since {T t } t≥0 has the C b -Feller property, T t χ k and T t 1 are continuous. Dini's theorem shows that the limit T t χ k → T t 1 is locally uniform. In particular, for every compact set L ⊂ R d and every ε > 0, there exists a compact set
This shows that {T t u j } j∈N is a Cauchy sequence in C(R d ) under the locally uniform convergence whose limit lim j→∞ T t u j = T t u is again a continuous function.
Thus, (2.6) holds for
. Taking u = 1 N with µ t (N) = 0, we see that for Lebesgue almost every x the kernel P t (x, ·) is absolutely continuous with respect to µ t , i.e.
By Lemma 2.9 (2), we can pick a subsequence {u j(k) } k∈N which converges µ t -almost everywhere to u. Then, the dominated convergence theorem shows that lim k→∞ T t u j(k) = T t u almost everywhere and, by the continuity of the functions involved, even everywhere. This means that just constructed extension is unique and coincides with the usual extension of {T t } t≥0 using the kernels P t (x, ·); in particular, T t :
, we fix ε > 0 and a compact set L ⊂ R d , and choose χ as above. Then, for x, y ∈ L, we get using (2.9),
. This establishes the strong Feller property.
(2) Conversely, assume that {T t } t≥0 enjoys the strong Feller property. By Theorem 2.1 (c), for every t > 0 there exists a probability measure µ t such that the family of measures (P t (x, dy)) x∈R d is locally uniformly absolutely continuous with respect to µ t . Therefore, for any compact set K, the family of density functions (p t (x, ·)) x∈K is uniformly integrable with respect to µ t , see e.g. [24, Theorem 16.8] . Consequently, there exists an even, increasing and convex function Φ t : R → R + with Φ t (0) = 0 and Φt(x) x ր ∞ as x ր ∞ and such that
. By the Hölder inequality
where Φ t,c is the Legendre transform of Φ t , and T * t is the (formal) dual of T t , i.e.
Because of (2.8),
(3) Let us show that under the conditions (1) or (2) the inequality (2.6) follows from (2.7).
Assume first that {T t } t≥0 has the strong Feller property and is weakly irreducible in the sense of (1) of the statement of Theorem 2.8. From the proof of Theorem 2.1, (c) ⇒ (a), we know that the measure µ t is of the form
for some continuous function w > 0 with w(x) dx = 1. We will prove that
It is clear that
Suppose that there exists a Borel set N with µ t (N) = 0 such that
Since T t u is a continuous function, there is some x 0 ∈ K such that T t u(x 0 ) = sup x∈K T t u(x). We conclude that there exists some δ > 0 such that B(x 0 , δ) ⊂ N; otherwise, for every η > 0, B(x 0 , η) ∩ (K \ N) = ∅, and we could choose a sequence
which is a contradiction. Thus, µ t (B(x 0 , δ)) = 0. Thus,
Due to the weak irreducibility and the strong Feller property of {T t } t≥0 , we obtain µ t (B(x 0 , δ)) > 0, which is impossible. This proves our claim. Using (2.7) we easily deduce (2.6).
Assume now that {T t } t≥0 has the strong Feller property and that for every u ∈ C ∞ c (R d ), T t u converges locally uniformly to u as t → 0. From the proof of (2.7) and the proof of Theorem 2.1, (a) ⇒ (d), we know that for every t > 0, there is some Young function Φ t : R → R + with lim x→∞
We claim that
As before, the inequality '≤' is trivial. On the other hand, assume that there exists a Borel set N with µ(N) = 0 such that
With a similar argument as above we get that there exist x 0 ∈ R d and δ > 0 such that
Since T t h converges locally uniformly to h as t → 0, there is some t 0 > 0 such that for all s ≤ t 0 , sup
As h(x) = 1 for all x ∈ B(x 0 , δ/2), T s h(x) ≥ 1/2 for all x ∈ B(x 0 , δ/2) and s ≤ t 0 , which implies that h dµ > 0. This is a contradiction and our claim is established. Now (2.6) follows easily from (2.7).
Feller semigroups and processes
A Feller semigroup is a sub-Markovian semigroup which has the Feller property and which is on C ∞ (R d ) strongly continuous:
.e. right-continuous with finite left-hand limits, versions and it is a routine argument that the Feller (or C b -Feller) property of the semigroup together with the Markov property entail the strong Markov property of the process. As usual,
and the infinitesimal generator (A, D(A)) (of the semigroup or the process) is given by the strong limit
where this limit exists in norm sense. We will call the generator of a Feller semigroup (or Feller process) a Feller generator.
Under the assumption that the test functions
, see also [16] and [15] , proved that the generator A restricted to
e −ixξ u(x) dx denotes the Fourier transform. The symbol of the operator, p :
, is locally bounded and has the Lévy-Khinchine representation
where for each x ∈ R d the triplet (a(x), b(x), ν(x, dz)) is the Lévy characteristics, i.e. a(x) := (a ij (x)) d×d is a nonnegative definite matrix-valued function, b(x) := (b i (x)) is a measurable function, and ν(x, dz) is a nonnegative, σ-finite kernel on R d \ {0} such that z =0 (1 ∧ |z| 2 )ν(x, dz) < +∞ for every x ∈ R d . As in Sections 1 and 2 we denote by P t (x, dy) = P x (X t ∈ dy) the transition function of the process X t , so that
for all bounded and measurable functions u : R d → R.
3.1.
Feller generators with bounded coefficients. Since ξ → p(x, ξ) has a Lévy-Khinchine representation, it is not hard to see that
In fact, h(x) can be chosen to be 2 sup |ξ|≤1 |p(x, ξ)|, cf. [23] or [6] . If h is bounded, we say that the operator p(x, D) has bounded coefficients in the sense that h is bounded if and only if
and if h is bounded, it is known that the continuity of x → p(x, 0) entails that (T t ) t≥0 is a C b -Feller semigroup, cf. [22, Theorem 4.3] . Thus, as a direct consequence of Theorems 2.1 and 2.8, we have
and that the function x → p(x, 0) is continuous. The semigroup (T t ) t≥0 has the strong Feller property if one of the following conditions is satisfied:
(1) For every t > 0, the family of measures (P t (x, dy)) x∈R d is locally uniformly absolutely continuous with respect to Lebesgue measure, i.e. for any compact set
(2) For every t > 0, there exists some Young function Φ t : R → R + such that Φ t (x) = 0 if and only if x = 0 and such that for all compact sets
If the Feller generator −p(x, D) does not depend on x, i.e. if we have constant coefficients, the corresponding Feller processes are exactly the Lévy processes-that is stochastic processes with independent and stationary increments-and the associated semigroups {T t } t≥0 are semigroups of convolution operators given by
Note that µ t (· − x) = P t (x, ·) = P x (X t ∈ ·) = P 0 (X t + x ∈ ·) and that {µ t } t≥0 is a convolution semigroup of sub-probability measures on R d . Hawkes, [13, Theorem 2.2] , proved that the semigroup corresponding to a Lévy process has the strong Feller property if and only if for each t > 0 and x ∈ R d the transition function P t (x, ·) = µ t (· − x) is absolutely continuous with respect to Lebesgue measure. Therefore, for every t > 0 and x ∈ R d , see e.g. [8, Lemma 2.1], (1) The process {X t } t≥0 has the strong Feller property; (2) For every t > 0, there exists some Young function Φ t : R → R + such that Φ t (x) = 0 if and only if x = 0 and such that for all u ∈ C ∞ c (R d ),
where · Φt denotes the norm of Orlicz space L Φt (Leb).
Let us finally apply Corollary 2.2 to stable-like processes. Loosely speaking, a stablelike process on R d is a Feller process, whose generator has the same form as that of a rotationally symmetric stable Lévy motion, but the index of stability depends on the position, e.g. see [1] . The associated generator is given by
where 0 < α(x) < 2, and C α(x) is a constant defined through the Lévy-Khintchine formula
see [3, Exercise 18.23, Page 184] . In other words, the operator L (α) can be regarded as a pseudo-differential operator of variable order with symbol |ξ|
Then, there exists a unique Markov semigroup {P t } t≥0 associated with the symbol |ξ| α(x) , such that {P t } t>0 is strong Feller.
Proof. According to [1, Corollary 2.3] , there exists a unique strong Markov process (X t , P x ) for which P x solves the martingale problem for 
is a pseudo-differential operator with locally bounded symbol p(x, ξ) given by (3.11) .
We want to show that the strong Feller property is closely connected with the fact that the function
U is an open set and τ U is the first exit time from the set U, i.e.
Theorem 3.4. Suppose that {X t } t≥0 is a Feller process which has also the strong Feller property. Then, for any open set U and all bounded measurable function u, the function
Proof. Our approach uses ideas of [11, Volume II; Section 13.3, Theorem 13.1, page 30-31] and [4, Lemma 2.2]. We split the proof into three steps.
Claim 1: for any t > 0 and all bounded measurable functions u, the function x → f t (x) := E x (1 {τ U >t} u(X t )) is continuous on U. Denote by (θ t ) t≥0 the family of canonical shifts on the path space. Then we have for all s ∈ (0, t) that
By the Markov property we get
Because of the strong Feller continuity, x → E x f t−s (X s ) is continuous. The second term is bounded by u ∞ P x (τ U ≤ s). As s ↓ 0, it converges to zero uniformly on every compact subset of U, see Proposition 3.5 below. This proves that the function f t is continuous on U.
Claim 2: for any t > 0 and all bounded measurable functions u, the function g t (x) := E x (u τ U ∧t ) is continuous on U.
It is enough to show that the function h t (x) :
is continuous. As in the proof of Claim 1, we get for any s ∈ (0, t), Using the strong Markov property we find
In view of the strong Feller property of the process X t , the first term on the right, x → E x h t−s (X s ), is continuous. The second term is bounded by 2 u ∞ P x (τ U ≤ s); letting s → 0, it tends to zero uniformly on each compact subset of U, cf. Proposition 3.5 below.
where c ≤ inf x∈U c u(x). By Claim 2, the function
. Indeed, if s, t > 0 we see by the very definition of the constant c that
Hence, E x u(X τ U ) is lower semicontinuous. The same argument applied to −u shows that −E x u(X τ U ) is lower semicontinuous. Therefore, the function E x u(X τ U ) is continuous. This finishes the proof.
The following proposition has been used in the proof of Theorem 3.4 above. The assertion follows from the fact that the symbol p(x, ξ) is locally bounded.
A close inspection of the proof of Theorem 3.4 reveals that for all strong Markov processes which have the strong Feller property and which satisfy Proposition 3.5 the function x → E x u(X τ U ) is continuous on U. There are many examples of such processes, e.g. all diffusion processes with strictly positive definite diffusion matrix in [4] and Feller processes which have the strong Feller property and whose generator has locally bounded coefficients.
Let us indicate an interesting consequence of the continuity of x → E x u(X τ U ) for any u ∈ B b (R d ) and any open set U.
Theorem 3.6. Let {X t } t≥0 be a Feller process with transition semigroup {T t } t≥0 and generator (A, D(A)) given by (3.10), (3.11) . Assume that for any bounded open set U and all bounded measurable functions u, the function x → E x u(X τ U ) is continuous on U, where τ U = inf{t ≥ 0 : X(t) / ∈ U}. If .
The proposition below provides the estimates for the first exit time, which are interesting on their own. For Lévy processes (3.12) can be found in [20, (3.1) ]. 
